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Multigrid Euler Calculations over Complete Aircraft
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A three-dimensional Euler code is applied to a series of configurations of increasing complexity. Comparisons
are made to experiments, or to other computations when the former is not available. The method uses the
multigrid approach on sets of equally spaced Cartesian grid cells. A unique and robust implementation of the
body surface boundary condition on grid cells not aligned with the surface provides accurate results on relatively
coarse grids. All computational results are compared to experimental data with good agreement exhibited over
a wide range of flight conditions. The solution accuracy is assessed for the Onera M-6 wing, with errors due
to grid resolution of less than 1% being achieved for the lift and pitching moment coefficients.

Nomenclature
D = (p, pu, pv, pw, pe)—vector of Euler variables
E = Euler spatial vector operator
e = energy
p = pressure
q = (u, v, w)—velocity vector in global coordinates
y = 1.4
p = density

Introduction

T HIS paper describes the application of a multigrid Euler
solver to three configurations of increasing complexity,

including two complete aircraft. Results have been obtained
for a variety of flight conditions in the transonic flow regime,
and comparisons with available data are presented. The code
uses a unique surface boundary condition implementation on
a simple grid structure that does not require the alignment of
grid cells to the body surface.

The code has been constructed with the objective of cre-
ating a practical engineering tool capable of analyzing arbi-
trary configurations and providing rapid feedback to the en-
gineer involved in aircraft design. The use of Cartesian grid
cells, which may be sheared or rotated, effectively eliminates
the labor-intensive task of grid generation, thus dramatically
reducing the turnaround time to less than a week for a com-
plete aircraft configuration.

Most current methods use structured or unstructured grids
that must be fitted in some manner to the body surface. The
present technique uses the multigrid approach to interrelate
a set of local grids, ensuring consistent numerical solutions
on all multigrid levels. The finest grids are generally posi-
tioned in high-curvature regions and the flow areas of interest.
A given configuration is treated as a Boolean sum of com-
ponents that may intersect, thus allowing the geometry to be
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prepared in a modular fashion. The intersections are treated
automatically by the code and need not be previously defined
by the user. The surface geometry is defined using a paneling
strategy that is sufficiently dense to define the surface. In
contract to most body-fitted grid techniques, there is no ex-
plicit relation between the surface paneling and the local grid
cell structure. This means that many geometry modifications
can be carried out without having to redefine the computa-
tional grids.

The next two sections of this article provide a brief outline
of the numerical formulation and code structure. A more
detailed discussion was presented previously in Refs. 1 and
2. Results are presented for configurations that exhibit in-
creasing complexity, ranging from the ONERA M-6 wing to
the F-18 fighter aircraft. The performance of the code is as-
sessed by comparisons with experiment and published com-
putational results.

Methodology
The equations solved are the three-dimensional Euler equa-

tions combined with the state equation, which can be written
as

Dt + E = 0

e = plp(y - 1) +

(1)

(2)

Symmetrical schemes are used in the spatial discretization
to provide a second-order accurate approximation of the de-
rivatives. The dissipative terms are introduced for numerical
stability,following the technique described in Ref. 3, with the
modification that only second-order finite differences are uti-
lized.4

The discretized equations are solved by the modified four-
stage Runge-Kutta scheme, with residual smoothing used to
increase the CFL number.13 The solution iteration process
proceeds through the various grids using multigrid " V" cycles.
If a solution is sought at level N, a Runge-Kutta iteration is
performed at level N followed by a fine-to-coarse interpola-
tion in which the field values are transferred from level N to
a coarser level TV-1. A Runge-Kutta iteration is then carried
out on the coarser level N-l, proceeding to the coarsest grid
at level 1.

To complete the "V" cycle, a similar transfer of variables
from a level N-l to a level N is used by means of a coarse-
to-fine correction. Again, after each correction, a Runge-
Kutta iteration is performed. Each Runge-Kutta iteration in-
cludes four stages of the time-marching scheme. After each
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stage, a grid-overlap calculation is performed on the solution
and a factorized residual smoothing is carried out on the cor-
rection. The dissipative terms are updated only once during
the four Runge-Kutta stages.

The use of local refinement in the multigrid process, which
includes Cartesian grid cells that may not be aligned with the
body surface or with grid cells of other levels, gives rise to
new problems associated with the exchange of information
between grids. The most interesting of these is the treatment
of overlapping grids contained in the same multigrid level.
No restrictions on such overlaps are imposed; therefore, each
flowfield point may belong to several overlapping grids. To
ensure the proper exchange of information between grids at
a common point, a "host grid" is chosen within which the
point is most deeply embedded. The complete set of grids at
each multigrid level is involved in the construction of the
surface boundary condition implementation.

This approach ensures that the calculation for the set of
grids at the same multigrid level tends to behave as if it were
one composite grid. This becomes exactly true if the grid
points coincide in the regions of overlap, and in the absence
of residual smoothing.

Far-field boundary conditions, which are applied at the
faces of the coarsest grid of the multigrid set, are constructed
using Riemann invariants in a manner similar to that in Ref.
4. At the other grid boundaries, Dirichlet conditions are used,
and one Runge-Kutta iteration is performed for each grid to
avoid the instability originating in the boundary reflections.
Finally, the change in outer boundary conditions due to a
coarser grid correction provides the necessary damping of the
reflection and facilitates convergence of the complete process.

The unique implementation of the solid-surface boundary
condition sets this technique apart from other Cartesian grid
approaches and ensures the success of the method as a whole.
The "murtivalue dummy point" concept has been adopted to
implement the slip boundary condition for grid cells nona-
ligned with the configuration surface. That is, for each grid
point G located in the flowfield, the point D is called dummy
if it is both hidden from the point G by the surface and belongs
to the finite difference template of G. Figure 1 illustrates one
of the dummy points of a particular grid point G.

A local coordinate system is constructed at the point of
intersection of segment GD with the configuration surface,
by the normal n to the surface and two orthogonal vectors in
the tangent plane. In these coordinates, the components of
the velocity vector are 0, i/>, and x respectively. A point D*
is constructed corresponding to a reflection of the point D
through the tangent plane containing t. The components of
velocity at the point D* results from a linear extrapolation
based upon the calculated values of $, t/f, and x at the selected
points {Ri}. The value at the dummy point can then be de-
termined directly from the information that x is zero at the
surface point GD. The pressure is extrapolated to D based
on the normal momentum equation. In the above discussion,
the surface point P is approximated by 5, the intersection of
the tangent plane with n. This approximation leads to poor
resolution of the flow in areas of high curvature when coarse

Fig. 2 Example of a multivalued dummy point.

grids are used. On finer grids, the distance between the points
P and S is smaller, and therefore, smooth flow conditions are
achieved.

Because the dummy point D described above is actually a
grid point, the code allows for the common situation that a
dummy point may be multivalued. An example of a dummy
point B having three values is illustrated in Fig. 2. In this
case, B is simultaneously a real point (since it is in the flow-
field), a dummy point for grid point A, and a dummy point
for grid point C.

A description of the mathematics used to assemble the
dummy point formulae from the collection of points {Ri} is
described below.

Let Ft = (#,, yt, zt) be the target point for which a formula
is to be built, and let Ft = (xi9 yi9 z f), / = 1, . . . N be the
selected grid points that participate in the formula. The re-
quired value at the target point ut is obtained from the given
values at the grid points uf by the equation

(3)

where at, i = 1, . . . N are a set of coefficients.
Equation (3) is exact for a constant field if the coefficients

satisfy

«, = 1 (4)

Similarly, Eq. (3) is exact for a linear field if the coefficients
satisfy both Eq. (4) and

2 afi = F, (5)

Under normal circumstances, the number of grid points TV
is greater than four, and therefore, there are more than one
set of coefficients that satisfy the conditions in Eqs. (4) and
(5).

To improve stability, the set of coefficients at with the min-
imum norm is chosen. This norm is defined as a weighted
sum of the squares of the coefficients a, with weights deter-
mined by the distances squared between the grid points and
the target point, i.e.

2 «?|F, - F,\2 (6)

O - Points R.

Fig. 1 Body surface boundary condition implementation.

where

= (xt - *,)2 + (yt - yt? + (z, - z,)2 (7)

Code Structure
For increased user efficiency, the code5 consists of two dis-

tinct stages. First, a preprocessor, that deals with each grid
separately, determines which points are inside the configu-
ration and which are outside (i.e., real points). For each real
point, appropriate dummy and intersection points are found.
The preprocessor also determines the grid relationships, the
interpolation functions between grids, and the final boundary
condition formula. The input procedure of the preprocessor
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is easily implemented and includes extensive checks on the
geometry and multigrid structure before the calculation pro-
ceeds. The preprocessor creates a data file that may be ac-
cessed by a graphics postprocessor to view the resulting air-
craft configuration and grid geometry.

In the second stage, the multigrid Euler solver uses the
preprocessor information to obtain the flowfield solution at
a prescribed flight condition. Additional grids may be easily
combined with the existing multigrid set at both the prepro-
cessor and solver stages. Thus, additional mesh density or
multigrid levels may be added without repeating previously
calculated results.

Results
In this section, results from three different configurations

exhibiting increasing complexity are presented. Calculations
are compared with experiment and with other computations,
depending upon availability.

Fig. 3 Leading-edge resolution at levels 5, 6, and 7 for Onera M-6
wing.
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Fig. 4 Onera M-6 wing pressures at y = 0.53.
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ONERA M-6 Wing
The ONERA M-6 wing,6 which has been used to validate

other Euler and Navier-Stokes codes (e.g., Ref. 7), provides
a basis for examining the shock-capturing capabilities of the
technique. Figure 3 presents a view of the M-6 wing, together
with portions of multigrid levels 5-7, and illustrates the lead-
ing-edge resolution. The flight conditions for comparison with
experiment are a Mach number of 0.84 and an angle of attack
of 3.06 deg.

Figure 4 compares the computed and experimental pressure
distributions at a wing location of 0.44 semispan (y = 0.53
m). The ONERA wing has both a swept shock parallel to the
leading edge and a normal shock extending across the span.
These two shocks converge in the outer span region close to
the tip. The calculation accurately predicts the double shock
structure present at this flight condition.

Accurate resolution of the leading-edge suction peak re-
quired the level 7 multigrid density (see Fig. 3), but the gen-
eral flow features beyond 20% chord were well-defined at
multigrid level 5 (see Fig. 4). The results at the multigrid level
5 stage illustrate the effect of the boundary condition ap-
proximation described in the Methodology section of this ar-
ticle because the leading edge is clearly the region of highest
curvature, with flow variables varying rapidly.

Experimental and calculated pressure distributions at span-
wise location y = 0.78 are compared in Fig. 5. The calculated

Table 1 Onera M-6—effect of grid density on lift coefficient

Percentage error
Solution

Level 3
Level 4
Level 5
Level 6
Level 7
Infinite grida

Infinite gridb

Infinite gridc

aThis calculation.

CL
0.2206
0.2433
0.2538
0.2668
0.2692
0.2708
0.2719
0.2730

bReference 7.

a

18.54
10.16
6.28
1.48
0.59
0.00

Reference 7.

b
18.87
10.52
6.65
1.86
0.98

0.00

c
19.19
10.89
7.03
2.27
1.39

0.00

Table 2 Onera M-6 — effect of grid density on
pitching moment coefficient

Solution
Level 3
Level 4
Level 5
Level 6
Level 7
Infinite grid

CM
-0.1721
-0.1849
-0.1905
-0.1994
-0.2008
-0.2017

Percentage error
14.68
8.33
5.55
1.14
0.45
0.00

Fig. 5 Onera M-6 wing pressures at y = 0.78. Fig. 6 Supercritical-wing research airplane.
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shock location at this station is correctly predicted; however,
the shocks have been smeared over 10-15% chord. Both the
current level 6 and level 7 grids do not extend far enough aft
of the leading edge to resolve the shock. There may also be
some viscous effects, because in the outermost span wise lo-
cations of the wing, there appears to be a small bubble of
overpredicted Cp at the base of the shock, which is charac-
teristic of in viscid solutions.

In order to examine the accuracy and convergence of the
compared results, the values of the coefficients of lift are
shown in Table 1. The values on the three finest grid levels
are accurate to three decimal places. Included in Table 1 are
estimates of the errors at various grid refinement levels, using
computed infinite grid values, because no experimental data
are available. The errors were first calculated against the in-
finite grid values described in Ref. 7, where results from two
Navier-Stokes codes are presented. The infinite grid predic-
tions were obtained from a second-order Richardson extrap-
olation in which the extrapolation was based on the cube root
of the total number of cells in the field. Since the computations

1.2
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Fig. 7 Research airplane lift curve slopes at Mach 0.5 and 1.3.

described here are based on local refinement in a Cartesian
framework, it was decided that it was more appropriate to
base the extrapolation on the cube root of the cell sizes (i.e.,
^/DX x DY x DZ, where DX, DY, and DZ are the cell
sizes in the three directions). The percentage errors of the
computed lift coefficients against all three of the infinite grid
solutions are shown in Table 1. The computed error on the
finest level 7 grid yields an error of less than 1.5% in all cases.

Table 2 shows a comparison of the computed pitching mo-
ment coefficient at the various grid levels, together with the
error analysis using an infinite grid value. The moments were
taken about the inboard leading edge.

NASA Supercritical-Wing Research Airplane
An extensive series of wind-tunnel investigations were car-

ried out on the TF-8A research airplane with a supercritical
wing at a range of flight conditions. A series of reports on
these investigations have appeared (e.g., Refs. 8 and 9). The
airplane geometry as described for the calculations is illus-
trated in Fig. 6.

For the present calculations, two representative Mach num-
bers were chosen in order to validate the code on a complete
aircraft configuration. The resulting lift curve slopes for Mach
numbers of 0.5 and 1.3, together with the experimental com-
parisons, are illustrated in Fig. 7. There is particularly good
agreement at the subsonic Mach number, with the higher
Mach number also yielding acceptable results to engineering
accuracy. The presented results are from calculations up to
multigrid level 7. As with the previous example, the finest
grids at levels 6 and 7 are placed only over the areas of highest
curvature. The grids at level 5 are illustrated in Fig. 8, where
three overlapping grids were used.

The computed chordwise pressure coefficient distribution
at Mach 0.5 and an angle-of-attack of 2.73 deg over an inboard
section of the wing is compared with the experiment in Fig.
9. The calculations show excellent agreement at this location,
which corresponds to 30.7% span. Further outboard there is

Fig. 8 Level 5 grid resolution for research airplane.



1084 TIDD ET AL.: MULTIGRID EULER CALCULATIONS

-UPPER SURFACi————LOWER SURFACE / EXPERIMENT
0.75 |—————————|—————————|—————————|—————————|—————————, 1.8

3.0

-Cp

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 9 Research airplane pressures at 30.4% span.
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Fig. 10 Research airplane pressures at 80.4% span.
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Fig. 11 F-18 pressures on LEX at x = 235.5.

less agreement (see Fig. 10), which corresponds to a wing
section at 80.4% span.

The finest grid in the set used at level 7 was a swept grid
along the leading edge with the same cell size in the X (lon-
gitudinal) direction and Z (vertical) direction. From Fig. 8,
it can be seen that the chord length and maximum thickness
vary significantly from inboard to outboard. Hence, based on
number of grid points across the chord, the grid density is
twice as coarse at 80% span compared to 30% span. For
accurate pressure distributions in this area, a further grid
refinement is required.

F-18 Fighter
The F-18 is a complex fighter configuration and has been

the subject of other calculations (e.g., Refs. 10 and 11). Initial
calculations on this aircraft at low angles of attack provided
no problems for the technique. Validation of the numerical
discretization was accomplished by carrying out calculations
of the lift curve slope in the linear range at subsonic Mach
numbers. Comparisons were made with available data and
with other calculations from a subsonic panel method code.12

The calculations showed agreement similar to the previous
examples described in this paper.
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Fig. 12 F-18 pressures at LEX at x = 296.5.

z
130.0

Fig. 13 LEX geometry and level 6 grid density at x = 235.5.

The main area of interest for this aircraft is controllable
flight at high angles of attack. Much work has been carried
out to investigate the contribution toward this aim of the wing
leading-edge extension (LEX).11 Current results have been
obtained at a Mach number of 0.2 and an angle of attack of
19 deg. Surface pressures from this run are presented at two
axial stations on the LEX in Figs. 11 and 12.

In these figures, comparisons are made to experiment and
to the Navier-Stokes computations presented in Ref. 11. The
computations described in Ref. 11 were for a geometry that
contained only the forebody and LEX. The present calcula-
tions show the correct qualitative features, especially in the
tip area, where the LEX vortex initiates.

Further inboard, the calculations are in less agreement,
which indicates that the reverse flow of the vortex is not fully
resolved. The LEX geometry at the cut location x = 235.5,
corresponding to Fig. 11, is shown in Fig. 13, where the use
of intersecting components in the code can also be seen, with
the LEX modeled as a separate component to the fuselage.
Also illustrated in Fig. 13 is the grid resolution around this
cut location, with the grid lines indicating the multigrid level
6 density.

The inviscid code has predicted the separation from the
sharp leading edge of the LEX with the artificial viscosity
providing a means of resolving the vortical flow. The agree-
ment is reasonable, given the grid density and the low Mach
number of the run. Further refinement may resolve the flow
better, although it is known that, for too fine a grid, the
artificial viscosity will not have the required effects.

Resource Requirements
The computer requirements for the cases described in this

article are summarized in Table 3. The CPU time is quoted
as a ratio relative to the longest solver run in the printed
results, which represents an overnight run on modern-day
workstations. The solver times are approximately the time
required to converge to a solution yielding four significant
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Table 3 Computer requirements

Level
Grid points (thou-

sands)
Core memory (Mbytes)
CPU prep
CPU solver

M-6
5

289
52
0.16
0.38

M-6
7

344
60
0.04
0.43

TF-8A
7

366
68
0.26
1.00

F-18
6

378
76
0.17
0.83

figures of accuracy in the force and moment coefficients.
Solver calculations are carried out at different flight conditions
without repeating the preprocessor run.

The CPU times for the M-6 are provided for two different
grid level calculations with the times for the finer level 7 grid
performed using the code's restart option. The additional level
6 and level 7 grids were placed over only the wing leading
edge, with no refinement in the span wise direction (refine-
ment in the other two directions is shown in Fig. 3). As further
grid levels are added, the multigrid " V" cycles become larger,
and hence the solver CPU time required per level increases.

The code works entirely in core by taking advantage of
virtual memory capabilities, and the elapsed time for the cal-
culations can increase by as much as a factor of two, depending
upon the amount of core memory available. The total number
of grid points includes grid points that are inside the config-
uration; therefore, this cannot, in general, be directly used
to determine the number of unknowns.

Conclusions
The results described in this article illustrate that use of

Cartesian grid cells may be regarded as a practical technique
when used in a multigrid approach. The code has been shown
to be capable of accurately computing the flow about complex
configurations for engineering applications, and for the anal-
ysis of complete aircraft. The code has demonstrated an ac-
curate shock-capturing capability in the transonic regime by
using local grid refinement. Through an evolutionary process,
the basic shock location emerges at coarse grid levels and the
shock structure may be refined by the addition of finer grids.
Such procedures are easily implemented within the multigrid
structure because additional mesh density or multigrid levels
may be added while taking into account previously computed
results.

The grid resolution study on the M-6 wing indicates that if
sufficient local refinement is carried out on the wing leading

edge, accurate predictions of the suction peak can be accom-
plished within the Cartesian mesh framework. The solution
accuracy was estimated by using infinite grid predictions, and
errors of less than 1% were found in the lift and pitching
moment coefficients on the finest computational mesh.
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